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ABSTRACT

A method to evaluate the frequency of occurrence of breaking waves in
deep water is developed based on the joint probability distribution of wave
excursion and associated time interval for a non-narrow-band random process.
Wave breaking which takes place along an excursion crossing the zero-line
as well as that occurs along an excursion above the zero-line are comsidered.
The breaking criterion is obtained from measurements of irregular waves:
generated in the tank. It is found that the functional relationship
between wave height and period at the time of breaking of the irregular
waves is by and large different from that known for regular waves. Com-
parisons between computed and observed frequencies of occurrence of wave
breaking made for four different sea conditions generated in the tank show
reasonably good agreement.. The effect of sea severity on the frequency of
occurrence of breaking waves is obtained by carrying out numerical computa-
tions using a family of wave spectra. The probability of occurrence of
breaking waves depends to a great extent on the shape of the wave spectrum,

The probability increases significantly with increase in the 4th moment of

the spectrum irrespective of sea severity,
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iy 1. Introduction

b

N - The phenomenon of breaking waves in the ocean occurs whenever a h
: i: momentarily high crest reaches an unstable condition. It occurs inter-

'; .g mittentl;, and the frequency of occurrence depends on the severity of the

" sea. l
; The significance of information on breaking waves cannot be over-

%:__‘ emphasized. First of all, breaking waves are always associated with steep

e

o waves that occur in a given sea; therefore, consideration of breaking waves
cannot be ignored in the statistical prediction of wave height. Unfortunately,

currently available statistical prediction methods do not consider

ll the concept of breaking waves. Hence, the largest wave height expected to
; occur in a specified period of time (the extreme wave height) in a given
~
: - sea, when predicted by using the current prediction methods, is unreasonably
4

high and is clearly beyond the breaking wave limit. This situation can

) 4
N

S be rectified by introducing the concept of breaking waves in the prediction
.S :g of wave height.

;_ Secondly, breaking waves exert by far the largest wave-induced force
E ;4 (often in the form of impacts) on marine systems, which may cause serious ;
13 “n safety problems and structural damage of the systems. Hence, it is highly 3
: :é desirable to consider the frequency of occurrence and severity of breaking i
i S waves in evaluating hydrodynamic forces for the design of marine systems. ﬁ
g The area addressed by the present study is that concerned with .
; tj information on the frequency of occurrence of breaking waves in deep water.
3 . Breaking waves defined here are not those whose tops are blowing off by
-3 - the wind but those whose breaking is associated with steepness; more
‘:
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precisely, breaking which results from a steepness for which the wave

height exceeds 14.2 percent of the Stokes limiting wave length (Michell 1893).
These wave phenomena are extremely complicated and the times of their occurrences
are usually unpredictable. Hence, they may be most usefully evaluated through
the probabilistic approach.

Only a few studies have been carried out on the frequency of occurrence
of breaking waves in deep water., Nath and Ramsey (1976) assumed that the
wave height, H, and its period squared, TZ, were statistically independent
and that both follow the Rayleigh probability law. On the other hand,

Houmb and Overvik (1976) evaluated the probability of breaking using the
joint probability function of wave height and period applicable for a
narrow-band random process.

Although the assumption of the narrow-band random process was used
in both of the above studies, the wave records which include very steep
waves whose breaking is imminent indicate that the assumption may be highly
unrealistic. Hence, in the present study, a method to evaluate the frequency
of breaking waves is developed based on the joint probability distribution
of wave height and period for a non-narrow-band random process. The method
of approach is outlined in the following:

In general, for waves with a non-narrow-band spectrum, it may be well
to consider breaking which occurs under two different situations; one which
takes place along an excursion above the zero-line, the other which occurs
along an excursion crossing the zero-line. This situation is shown in an
exolanatory sketch in Figure 1. 1In the figure, A and B represent the positive
maxima and minima, respectively, of a non-narrow-band random process, while

C and D represent the negative minima and maxima, respectively. Note that

possible occurrences of breaking are expected on the excursion CA as well as




o
~4

BA., These excursions may be called the Type I excursion, Type 11 excursion,

respectively. Hence, in order to evaluate the probability of occurrence

i

of breaking, it is necessary to consider the joint probability distribution

s
‘

of the excursion and its associated time interval between two peaks as well

Nt
o F

as the frequency of occurrence of each type of excursion.

Computations of the probability of occurrence of breaking are made in
L various sea severities using a family of wave spectra developed from an
analysis of wave data measured in the Norgh Atlantic Ocean, From the results
of the computations, the limiting sea severity is obtained below which no
wave breaking is expected to occur. It is also found that the probability

o of occurrence of breaking increase significantly with increase in the 4th

moment of the wave spectrum irrespective of sea severity.

. 2. Wave Breaking Criterion

Prior to developing a formulation for evaluating the frequency of occur-

- rence of wave breaking in irregular seas, it may be well to discuss the

criterion of the wave breaking phenomenon which will be used in the prediction.

i
. o 0

A et
[N ‘et

The criterion for breaking of regular waves in deep water has been

~ addressed from various viewpoints. These include Stokes (1880), Mitchell

T A w

- (1893), Longuett-Higgins (1963, 1969, 1974, 1976), Cokelet (1977), etc. The
most commonly known breaking criterion is that the wave height should exceed

. 14,2 percent of the Stokes limiting wave length which is 20 percent greater

than that of ordinary sinusoidal waves of the same frequency. That is, the

breaking criterion is given by,

H> 0,142 L,

..............................

----------------



wvhere, H = wave height

L, = Stokes limiting wave length = 1.2g/ (21£%)

f = frequency in Hz

Hence, in terms of wave period, wave breaking occurs when the wave height-

period-relationship becomes,

H> 0.027 gT? ' 2)
(1968)
DeanAgives a value of 0.033 for the magnitude of the const. in Equation
(2) based on his computational results using the stream functic - resentation

of nonlinear waves. On the other hand, the results of laboratory tests
carried out by Van Dorn & Pazan (1975) show that all steep regular waves
generated in deep water break at some lower wave height than that given in

Equation (2).

Since there are no specific criteria for breaking of irregular waves,
the condition given in Equation (2) was first used in this study for evaluating
the f¥equency of wave breaking occurrences. However, the results of tests
on the frequency of breaking of irregular waves generated in the tank have
shown that the observed number of breakings during a specified time period
is several times greater than that theoretically computed based on the
criterion given in Equation (2). In order to clarify this difference,
an experimental study was carried out on the wave height-period-relationship
when irregular waves break. It was found that the breaking criterion for
irregular waves 1is substantially different from that known for regular waves.
The details of the tests on the breaking criterion applicable for irregular

waves are discussed below.

Several series of irregular waves with different wave spectra were

generated in the 40-m long tank in the Coastal and Oceanographic Engineering

_ oa . V3 SO
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? = Laboratory. Waves were generated by using pre-programmed tapes which yield j
K

7' ll relatively severe waves leading to breaking. A capacitance-~type wave-height i

s probe was installed at a fixed point in the tank, and the height and period '

. of incident waves which were expected to break right at that location were

measured. Waves which were already broken before they reached the probe

were excluded in establishing the breaking criterion. Examples of incident

waves for which breaking was imminent are shown in Figure 2, Included also

3 7
s
Kspne o

b in the figure are the wave height, H. and period, T, defined for establishing

the criterion.

The wave height-period-relationship was obtained from measurements of
over 40 incident waves about to break and the results are plotted in Figure
3. As can be seen in the figure, the functional relationship between wave
height and period at the time of breaking of irregular waves is by and large
Il different from that known for regular waves. By drawing the average line of
.- the observed results plotted in Figure 3, the following relationship is obtained

- as the criterion for breaking of irregular waves:

. H> 0,020 gT? (3)

k; Let us express the criterion given in Equation (3) in dimensionless
form, As stated in the previous section, two different types of breakings
SR are considered in the present study. For this, consider H in Equation (3)

as the Type I as well as Type II excursions, denoted by , and T as the time interval.

Then, { and T are non-dimensionalized by dividing by vm, (where, m, =
area under the wave spectrum), and Tﬁ (where Tﬁ = average time interval

between positive maxima), respectively. This results in the following

b breaking criterion in dimensionless form:

e's a2 8+ 80 e
RTINS . SRR . IR
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where, Vv = dimensionless excursion = g//.m:
A = dimensionless time interval between positive maxima = T/Tm
T = excursion
T= time interval between positive maxima

Tm = average time interval between successive positive maxima A

= 47 V1-¢? Mo
1+/1-€? n,
2
m
€ = band-width parameter of the spectrum= /1- #m_
0y
my = the j-th moment of the wave spectral density function
o = 0,196 for msec-units

3. Probability of Occurrence of Breaking Waves

As was shown in the previous section, the breaking criterion consists
of two random variables, the dimensionless excursion, Vv, and time interval,
A. Hence, the probability of occurrence of wave breaking can be evaluated

from the joint probability density function of excursion and associated

time interval.
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The joint probability density tfunction of Type I excursion defined in
the Introduction (CA in Figure 1) and the associated time interval, T, is
essentially the same as that for the positive maxima, A, and the associated
time interval, which was derived by researchers at the Centre National
Pour L'Exploitation des Océans (CNEXO) (Arhan et al. 1976). Let us assume
the wave profile x(t) illustrated in Figure 1 to be a stationary Gaussian
process which has an arbitrary spectral bandwidth. It is also assumed
that x(t) has zero mean, and the derivatives with respect to time, ;(t)
and ;(t), both exist with probability one. By considering twice the mag-
nitude of the positive maxima, the joint probability density function can

be written as follows:

3
1 (1+ /1-52)__ v2

f_(v,A) =
I 32777 el -¢e?) AS
4
2 V] . . —\2
_v:)1 \1+ /1-¢ _.;_(1+/1_€2) A2 + A
82\ 16 1—32 2
X e
(5)
where, v="5/Vm  with g = 2z, 0 <v<e
0<A<w

CA= magnitude of the positive maxima

It should be noted that Eq. (5) includes the positive maxima belonging
to both Type I and Type II excursions. Hence, in evaluating the probability

of occurrence of wave breaking associated with Type I excursions, the maxima

- - .
)
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belonging to Type II excursions have to be deleted. This can be done by o

taking into consideration the frequency of occurrence of each excursion. ;;;
That is, the expected number of the positive maxima and minima, denoted by ?;{!
ﬁ; and ﬁi, respectively, are given by (Cartwright and Longuet-Higgins 1956), ff

..................

wY e Ta e DRI A P Pat it tas L. -

5 -1 (1 A-e)f7,
s\ e A

(6)
ﬁB’?}w' 1 d- ;2'
A-e? o
The expected number of the excursion BA, denoted by N , 1s equal
to ﬁi. On the other hand, the expected number of the excursion CA,
denoted by EEA s 1s equal to the difference of ﬁ; and ﬁg » which in turn
is equal to the expected number of the positive zero-crossings. Then,
the expected number of occurrences of Type I and Type 1I excursions,
respectively, is given by,
m
-ﬁcAsﬁA--ﬁB'%ﬁ m2
7

Hence, the frequency of occurrence of Type I and Type 11 excursions,

denoted by pI and Py ° respectively, becomes,
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¥

p = =
I - 2
NA 1+ €
(8)
o SNBA =“1-‘/‘1--52
II = 2
NA 1+ £

Thus, the conditional probability of breaking waves given that Type 1
excursion has occurred can be evaluated from (5) and (8) taking into consider-

ation of the breaking condition given in (4) . That is,

o
Pr{Breaking wave | Type I excursion} = Pljlj,_, £, (v,1)dv dA €¢))
T
m
a—-

0 A2

v

o

Then, the probability of breaking waves associated with Type I excursion
can be obtained by multiplying Eq.(9) by the probability of occurrence of
Type I excursion. By taking account of the fact that the sum of the probabi-
lities of Type I and Type I breaking waves is equal to unity when all waves

have broken, we have,

2
P
I £,(v,1) dvd) (10)
2 T2
p; tp ( Tn
I I o A2
a mo)

Pr{Breaking waves, Type 1} =

For evaluating the breaking waves associated with Type II excursions,
the joint probability density function of the excursion BA and the time

interval is required. It is given in a dimensionless form as follows:

S e Tt
' PR B
s o’

AT RRT Y.

v




where,

................

-' gVsM = k(e) (1+ /2-e? )s v
| 16/ e(l-€?) (e +2/1- E) )5

2 2 //\2
= - 1-28 , A | (1+ 1-¢? ) l
iR x exP{ o2 ({ (e )’ +18 = A’

exv{— -8 )| [1-o(2 f1e s e ))
3 V2e
NE
& o+ Laseh o] 2 (a-eh-18 )
1+ ¢?

:. 2/_ 2/m V1= e e? _ . V2
] T earen /e vir-e .ol exp{z(ue:’)e2 (1-e(e,x))}
x ;1 -¢( v {gz+ B (e, A)})z
| evl+e .'.
) i B o

Ogvem, 0ghcw (1) 5

V= g/kwith g =g, - £y

= magnitude of the positive minima
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The derivation of the joint probability density function is presented

in the Appendix.

The probability of breaking waves can be evaluated from Eq.(11) by
a procedure similar to that given in Eq.(10). That is,

P
Pr{Breaking waves, Type I } = I _ fn(\),)\)d\)d)\ (12)

2 + I!
P T Pyg oa(ﬁ:)az

The total probability of breaking waves is the sum of the probabilities

given in (10) and (12).

4. Computation of Breaking Waves in Various Sea Severities

It is of interest to examine the effect of sea severity on the frequency
of occurrence of breaking waves. For this, computations are carried out
using a family of wave spectra for a specified sea severity. The family
of wave spectra consists of eleven members including the one which is most
likely to occur for a specified significant wave height, and it represents
a variety of shapes of wave spectra observed in the Nﬁrth Atlantic Ocean
(Ochi and Hubble, 1976).

Prior to presenting the results of the computation, it may be well to
show an example of the joint probability density function of the excursion and
time interval used for evaluating the probability of breaking waves.

Figures 4 and 5 show the joint probability density functions for Type I and

o7 _§ DAWIWWVEN. } IR

| eI AT

Type I excursions, respectively, of waves of significant height 12.2 m (40 ft)
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whose spectrum is shown in Figure 6. Included also in each figure is the line

indicating the breaking condition given in Eq. (4). If the wave excursion
exceeds this line for a given time interval (this region is denoted by the
breaking zone in the figure), then breaking takes place.

As shown in Eq. (10), the probability of breaking waves associated with

3 1 VRS ) ARSI

Type I excursion is the product of the volume of the joint probability density

function in the breaking zone indicated in Figure 4 and the square of the

e e e e e
R
PRSP )

frequency of occurrence of Type I excursion, which is equal to 40.66 percent

for this example. On the other hand, the probability of breaking waves
associated with Type II excursion is the product of the volume in the breaking
zone indicated in Figure 5 and the frequency of occurrence of Type II excursion,
which is equal to 10.95 percent for this example. Thus, it appears that the
probability of breaking waves of Type II excursion is approximately 26.9 percent
of that associated with Type I excursion.

Figure 7 shows the results of computation indicating the probabilities
of occurrence of breaking in various sea severities. As can be seen in the
figure, the probability of breaking increases significantly with increase
in sea severity, in general, and no wave breaking is expected in seas of
significant wave height less than approximately 4 meters (13.1 ft) for this
family of wave spectra.

It is noted in Figure 7 that the probability of breaking waves varies
considerably in a given sea severity depending on the shape of the wave
spectrum, For example, in a sea of significant wave height 10.7 m (35 ft),
the probability ranges from 3.97 percent to 22.92 percent with a most probable

of 10.38 percent which is computed by using the most probable wave spectrum

of the family, Figure 8 shows three spectra of the family for the sea of

significant wave height 10.7 m (35 ft) which yield the largest, most

12
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probable, and smallest probability of breaking identified as Spectra I,
II, and III, respectively,

The results of computations in various sea severities show that the

IPLAERCE 2N - b BN AN ELEL A 2
g

4

frequency of occurrence of breaking waves is a function of the 4th moment,

' !! m, » of the wave spectrum. In order to elaborate on this statement, Figure 9

' >: shows the probabilities of occurrence of breaking in six different sea
E? states of the six-parameter wave spectra family plotted against the dimension-
= less 4th moment of each spectrum. As can be seen in the figure, the frequency }
p of breaking increases significantly with increase in the 4th moment of the %
;j wave spectrum, ;
e "

The conclusion given in the above paragraph can be verified from the

, ka breaking condition given in Equation (4), That is, from the definition of ﬁ

the average time interval, T; » Equation (4) can be expressed in the following

form:
hI‘

: |.': . 2 /
o~ 2 /{-:r. %o A2

v > (4m)
+ 1 e? 2
> a3)

E: e o el 2 :
i - 2 .
" 1 +(-/ 1- e’) 1
- '
G ol

2 b
D It is noted that A -82/(1+/i-€2) in the above equation is almost i
[ =
R
constant for the practical range of €-value of ocean waves, say 0.3 - 0.8. -
.
Therefore, the v-value reduces in proportion to the square of the increase ﬁ
T in the 4th moment, m, » of the wave spectrum. This implies that a significant 3
()

increase of the probability of breaking is expected with increase in the 4th

moment .




In order to substantiate the conclusion given above, computations of the

probability of occurrence of breaking as well as the joint probability function

of wave excursion and time interval are carried out for four spectra measured

in the North Atlantic. Two of the spectra, NW 1 and NW 154 shown in Figure 10,

are those in a sea of significant wave height 4.6 meters (15.1 ft), while

the other two spectra, NW 314 and JHC 75 shown in Figure 11, are those in a

sea of 10.8 meters (35.4 ft). The results of the computation show that

there is almost no wave breaking for the two spectra in the sea of significant

wave height 4.6 meters (1.1 percent for NW 1 and none for NW 154). On the other hand,
the probability of breaking is 11.90 percent and 13.05 percent for the spectrum NW 134
and JHC 75, respectively, in the sea of significant wave height 10.8 meters. A
comparison of the joint probability function of Type I excursion and time interval,
f(v,A), for the spectrum NW 154 (significant wave height 4.6 m) and JHC 75 (sig-
nificant wave height 10.8 m) is shown in Figure 12. Included als> ir the figure

is the line indicating the breaking condition. As can be seen in the example

shown in Figure 12, the shapes of the dimensionless joint probability density

function of excursion and time interval are nearly equal for these sea states,

However, the location of the line indicating the breaking condition differs

I3
ala g

substantially as shown in the figure depending on the magnitude of the 4th

IR D5

moment of the spectrum. This in turn yields the difference in the probability
of breaking according to the formulation given in Equation (13).

It is of interest to note that the relationship between the probability =
of breaking and the 4th moment of the spectrum evaluated for various spectra q
measured in the North Atlantic agrees very well with the functional relation- :g

ship given in Figure 9 which is obtained using the six-parameter family of

wave spectra.

Since breaking increases significantly with increase in the 4th moment

14
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of the wave spectrdm, in general, breaking is very sensitive to the existence
of high frequency energy. In other words, breaking is more likely to occur
in high frequency waves, and this agrees with the concept of the equilibrium

range of a spectrum (Phillips 1958).

5., Experiments on the Frequency of Breaking Waves

An experimental study was carried out in which irregular waves were
generated in the tank to examine whether or not the observed frequencies of
occurrence of breaking waves agree with theoretical results. Unfortunately,
due to the limitation in the capability of the wave-maker, it was difficult
to generate high frequency-component waves which were sufficiently steep
to produce breaking associated with Type II excursions. Although records
taken during the tests showed a number of Type II excursions in the generated
waves, their steepness was insufficient to result in breaking. This is in agree-
ment with the results of computations carried out on the generated waves which

indicate the probability of breaking of Type II excursions is extremely small.

In order to compare the computed and observed frequencies of wave
breaking, two wave probes were installed in the tank separated by a
distance of 14.6 m (48 ft). An example of wave spectra measured at these
two locations is shown in Figure 13, As can be seen in the figure, wave
energy was substantially reduced due to wave breaking which took place
while the waves were travelling between the two locations, and this results
in a reduction in the magnitude of significant wave height from 8.96 cm to

7.32 cm. The probability of breaking waves at each location WwWas computed

by using the spectrum measured at that location The probability of breaking

waves thusly computed was compared with that obtained experimentally., The

latter was evaluated by dividing the number of waves visually observed to

15
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break between these two locations during the tests by the total number of

waves., The results of the comparisons made for four (4) different sea

f
. . conditions generated in the tank are tabulated below :
~ Sea condition I o III v
: !. Experimentally obtained 0.060 0.015 0.051 0.060
. probability of breaking * : * * .
3 g
P 2
Computed probability of 0.048 0.021 0.043 0.045 :
breaking ‘
. . As can be seen in the above table, reasonably good agreement is obtained é
b ;:‘ .
between the theoretical and experimentally obtained results. N
- 4
]
6. Conclusions g
l' This paper discusses a method to evaluate the frequency of occurrence
X e of breaking waves in deep water. Breaking waves defined in the present
>
3 study are those associated with steepness, and the breaking criterion was
: !! obtained from measurements of irregular waves generated in the tank, It
s was found that the functional relationship between wave height and period :
S ]
0 at the time of breaking of the irregular waves is by and large different -]
4
. - from that known for regular waves, From the results of the experimental q
A study, the following relationship is obtained as the criterion for breaking
fi of irregular waves: B
- 4
L H > 0.020 gT? :
. , In the derivation of the prediction formula, the joint probability
~
(]

distribution of wave excursion and associated time interval for a non-

16
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narrow-band random process is used, Wave breaking which takes place along
an excursion crossing the zero-line (Type 1 excursion) as well as that which
occurs along an excursion above the zero-line (Type II excursion) are con-

sidered.

Comparisons between computed and observed frequencies of occurrence of
wave breaking made for four different sea conditions generated in the

tank show reasonably good agreement.

Computations of the probability of occurrence of breaking are made in
various sea severities using a family of wave spectra developed from analysis
of wave data measured in the North Atlantic Ocean. From results of compu-
tations, the following conclusions may be drawn:
(1) 1In evaluating the probability of breaking waves, the frequencies of
occurrence of Type I and Type II excursions have to be taken into consider-
ation. The probability of breaking waves associated with Type II excursion
cannot be neglected; for some wave spectra, the probability is approximately
27 percent of that associated with the Type I excursion.
(2) The results of computations indicate that no wave breaking is expected in seas
of significant wave height less than 4 meters (13 ft) for this family of spectra.
(3) The probability of occurrence of breaking waves depends to a great
extent on the shape of the wave spectrum. The 4th moment of the spectrum
is a dominant parameter which influences the occurrence of breaking. The
probability increases significantly with increase in the 4th moment of the

spectrum irrespective of sea severity.

Acknowledgements : This research was supported by the Office of Naval Research,

Ocean Technology Program, through Contract N00014-80-C-0038 to the University

17




TTTTI AT OTTE T TIW W T w7 W e e v T Lt T e ey AR L R

of Florida. The authors would like to express their appreciation to Dr, Silva

for his valuable discussion which took place during the course of this project.

A

|
1
q
!
i
!

18 R

D S YU S . e e .

- L T - .- - . ~ . ~ T . - N .
e SeaTad Sl o T n ] T W VU A Nl Sl WA W ¥ S P Y W, PG R L . S e e e tatat S e om e m . T araw. A




PSP A L U A A S A Attt TRl Sl St I SRl S S N T AT R I L R B L

Appendix. Joint Probability Density Function of Type I
Excursion and Associated Time Interval

In order to derive the joint probability density function of Type II
excursion (BA in figure 1) and the associated time interval, T, we may first
consider the joint probability density function of the positive minima, B,
and the associated acceleration. The joint probability density function
will then be transformed to the joint probability density function of the

positive minima and the time interval, T.

Let ﬁ£ be the expected number of positive minima per unit time, and

let ﬁé " be the expected number of positive minima per unit time above a
B,x e

"
level EB with its associated acceleration x. These are given as follows

T—
—

respectively,

x f(x, o, X) dx dx

o\’\s

z|
t
H
8 O by §

(A.1) :

—_ " " «

E w s x f(x, o, x) dx .

Bx g C

B ;

§

N

N

A

where, f(x,i,g) = the joint probability density function of the 3

=

displacement, velocity and acceleration of a !

N ) ‘. '1

SR Gaussian random process with zero mean and the -
S";. covariance matrix,

;J b L
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Then, the joint probability density function of the positive minima, EB, )

A1)
and the associated acceleration, x, is given by,

ﬁg u
£y ¥ = 5p 1= —2—
N
B
X £(65, 0, %) .2 :

£ Fn ”" " ::
j‘ J-xf(x,o,x) dx dx B
°© "o q

By carrying out the integration involved in the denominator of (A.2),

X
we have, JJ:

_L 2 " + "o
ZA(m..EB + 2m2€Bx m X )

.z x
"/n— .&:(1-/1_-?) (a.3)

” R
X < ® .

o
A
™
A
8
-
o
A

where, A mm - m? -
2

A i
.

Next, consider the joint probability density function of the positive ‘_:
R
maxima, gA, the positive minima, EB’ and associated acceleration, X. -]

Iy
-
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h Since it may be safely assumed that the positive maxima and the positive
—
! minima are statistically independent, the joint probability demsity function ".-’
is given simply by the product of two probability density functions, :::_
:::: f( EA) and f( EB s ;). Here, the probability density function of the positive ]
i i i by [Ochi 197
m maxima is given by [Ochi 3], u
2 -1
2 }
/m 2 € 2 .
€ 1 A 2 A ‘ A ' R
£€,) = 2 exp{-—{— + Vl-¢ (—)exp--—(— L
A 1+fi-er | vE 2¢2 \var_ o 2 \va/f il
_.2 & Q s
‘ x{l—(b(-————-—l £ -—/i>‘ 0§E_.A<°° (A.4) =
s 5 m .
_ L o
, (2
where, d@) = — f e dt
| /i

8

Hence, from (A.3) and (A.4), we have,

/ m 2 ; 2
-:. f(gA’ E.-B’ ;) = 2’/2- mo . ; £ eXP{-'—l-<£A-) l+ Vl—Ez (—Eé’> exp ‘—l<-€—A>l

A8z | 22 \via_ / | a1 2 \va /)
—
_ 2 &

x “1-<D———]'—€——A-loexp -—1-(m£2+2m€;+m;2)Q
- ' € o ’ 26 4 B 2B o ( (A.5)
;._ (o]

In order to facilitate the integration involved in further analysis,

the following approximation is made in equation (A.5);

a

Ty
@

2’ 21
L

‘‘‘‘‘‘‘‘‘‘‘ B T e s . - . . PRI . . Lt et . - . B
PR B T B T o S A . . . . . .
IR AN U U TR, S TP WP P i WP PRy S | . . o PSSR . . N TN, S, S I SRAE Y S VD S Y LY W el ) P PRS- | al




e T TR RTINS T e W e e W T, T LT e W e e e e e e T T T e

e, N T . T, TR S LA S Na Ts B B EE-§V T e

(A.6)

= S O8
i i
) . This assumption results in equation (A.5) no longer being the probability g
é‘_ i density function. In order to maintain the condition required for equation '.-::‘_
E (A.5) to be a probability density function, it should be multiplied by a _J
o factor which is derived from the condition given by, .
& :

LY
]

- =
CR
.

4 j” £(5,,Eq %) dE, dE dX = 1 @7
= o0

The above approximation does not cause any serious effect on the

joint probability density function of waves whose dimensionless height is

less than unity. Thus, the approximate joint probability density function

a § YU T .7 . T . e
o |

g :: of EA’ €B, and X becomes, =
: , "
l - £(E,,E,, X) = 1+/1-¢ ) 2/2 /o7 X | == exp -—l—(i) 'r
- AT"B’ e2+2/A-e2) A w2 |vm 2¢2 \van_ ;
- .
- £ £, \’ ;
) - + V1-¢? <EA) exp {- i(ﬁ)‘ * exp ‘ - 715 (m“E;"ZmzCB; + mo§2)| (A.8)
. o o

Next, let us consider the excursion BA, denoted by [ = F’A - EB’ and

TV VSN W YT
.

derive the joint probability density function of &A s T , and X. This

can be simply obtained by substituting (EA- r) for EB in equation (A.8).

-1

Then, the joint probability density function of the excursionf and the
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acceleration, ;§, can be obtained as the marginal probability density function

of £(£, , , X). That is,
£, x)=5 £(E,) * £(E, T, x)dE, + jf(sA) CE(E,-C,X)dE,  (a.9)
0 4

—e<p=E - <®, 0 X <

The first term of equation (A.9) is for { < 0, and the second term is
for £ > 0. Since wave breaking is associated with F’A > EB » namely ¢ > 0,

we consider only the second term for the present problem. The integration

of the second term of equation (A.9) yields,

f £(E,) * £(E, - T, %) di,
4

=(1+/1-‘—e2)2 x exp{

1 2 " "2
_— -—(mC-ZmCx+mx)}
e+ 2/1-¢%/ /71 V/inm 4 2 °

2A
[
iy 2
(mc-m;:) 2m mc-m;z
4Am“ A 2m“

el -e2y m
2(1-¢€?) exp{_ 1+e2(

” 2
LA ml-mx exp’ 1 (“‘C'mzx> |
a+eh/?  JEm liver  oam |
Jr— "
x l—d>‘ 1+e? L g - 1 mc-mle
e & 142 o /I (4.10)
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It is noted that equation (A.10) is derived by truncating the probability
density function given in (A.9) at 7 = 0. Hence, equation (A.10) has to be
multiplied by a constant such that it satisfies the condition required to

being a probability density function. Taking this condition into consideration,

equation (A.10) can be expressed in the following dimensionless form:

1+ /1-¢2 2 T 1 l
f(V.T)=k(€)( )— — ¢ exp %-——(vz-ZI-ez VT +T2)
e2+2/1-¢€¢¥/ /1 ¢ 2¢? ’

pren

L 20-€? exp{/l-iz (/l_ez Vz_z\”)}
2c

x 1+¢?

€ (1+€z)3/2 2(1+ez)€2

x (1- ¢:ﬁ/_;—? (e2v+/l_-? r)})

0svgw y» 0ZT<e (A.11)

where, v = dimensionless excursion = C//“Z with ¢ = &, - £s

T = dimensionless acceleration = ;//E:

The function k(e) in the above equation is associated with the truncation

of the probability density function at £ = 0, and it is given by,
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The results of computations using equation (A.12) for various €-values

(A.12)
f(v, 1) dv dt

o\-—ﬁa

have shown that k(e) can be approximately expressed by the following function
of € with sufficient accuracy in the practical range of e€-values for wind-

generated seas, say, 0.3 < € < 0.9:

K(e) = 1.13 + 0.011 e H+68( = 0.4) (A.13)

Next, the joint probability density function given in equation (A.1ll)
can be converted from an acceleration to a time interval by the same procedure
as was used for the derivation of the joint probability density function of
Type I excursion and the associated time interval (Arhan, M. et al. 1976,

Cavanié, A. et al. 1976, Ezraty, R. et al. 1977).

2
" EA; s (3%1) (A.14)

In the dimensionless form, equation (A.1l4) yields,

1 (1+ 1- 52)2 v (A.15)

8 V1-¢2 A2

T=

25
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. where, A is defined in equation (3).
3 From equations (A.1ll) and (A.15), the joint probability density function
-l of v and T can be transformed to that of V and A which is the desired joint

probability density function of the Type 1I excursion given in (2).
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. NOMENCLATURE
f wave frequency in Hz
(] f (x, 1':, ;E) joint probability function of the displacement,
velocity and acceleration of a Gaussian random process
£, ;E) joint probability function of the excursion and the ]
.~ _J
] associated acceleration '
- f(gA, EB, ;;) joint probability density function of the positive 3
maxima, the positive minima and the associated ]
C -
acceleration
" f(gB; ;E) joint probability function of the positive minima and
the associated acceleration B
. f(& A) probability density function of the positive maxima
f.}. fI (V,A), fII (v,A) joint probability density function for the dimensionless ::';

Type I or Type II excursion and the associated time interval

X g gravitational acceleration

.. H wave height

::;: L, S.tokes limiting wave length

-

n,lj the j-th moment of the wave spectral density function

EA’ ﬁB expected number of the positive maxima and minima per .
e

unit time, respectively

A’ NBA expected number of Type I and Type II excursion per unit

time, respectively
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. N€ ; the expected number of positive minima per unit time
B'
above a specified level EB with its associated acceleration
~ "
._-: x
. Pr» Pq probability of occurrence of Type I or Type II excursion,
- .
respectively - ]
. T wave period or time interval between successive positive 9
N maxima ._.
z ?m average time interval between successive positive maxima -
v U
X, X, X displacement, velocity and acceleration of the water _
fc surface .
) a . constant associated with dimensionless wave breaking
2 condition
Y A nm - m
. 0 u 2
z covariance matrix of the Gaussian random process f-fjﬁg
. Tl
e £ band-width parameter of the spectrum e
. 4 excursion E-f
~ A dimensionless time interval between positive maxima, T/Tln :::l:f
="
J \Y dimensionless excursion g/ vﬁ: .:::::
= EA’ EjB positive maxima and positive minima, respectively "q
N " N
T dimensionless acceleration, x/vin o
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Figure 1 Explanatory sketch of a non-narrow-band
random process
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Figure 2 Examples of irregular waves imminent to
break
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Figure 3 Wave height-period-relationship for break-
ing occurrences in irregular waves
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